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Abstract 

Collection of PL-mappings admitting a relative abelian, cyclic, 
quaternionic, bicyclic, and quaternionic-cyclic structures are con- 



Introduction 

en 

>■ I A map with a target in an Euclidean space is assumed PL, if a smoothness 

^J ■ conditions do not mentioned. A generic PL-map is a PL-map, such that each 

00 ■ pair of hyperplanes spanned by the images of corresponding pair of simplexes 

^ . are transversal. A critical point is a point, such that the restriction of the 

^ i map on an arbitrary neighborhood of this point is not an embedding. We do 

Q I not assume extra conditions for a generic PL-map in critical points. 

Let us consider the groups 1,/2^'^\ this group was defined in the introduc- 
tion of [A2] as a subgroup of the group Z/2 J S(2^~^), and the corresponding 
^. cobordism groups of immersions (see [A2, Diagram (21)]). In [A2, Diagram 

H : (20)] subgroups If, x I,,, E^^^, J„ x j„, Q x Z/4 of the groups Z/2W, 2 < s < 5, 

are defined and the following definitions were considered: abelian structure 
(Definition 5), E^^j^-structure (Definition 14), J^ x Ja-structure (bicyclic 
structure) (Definition 16), and quaternionic-cyclic structure (Definition 23) 
for corresponding framed immersions. These notions are used in Theorems 
8, Lemmas 15 and 17, Theorem 25 to prove the Main Theorem in section 5. 
The definitions of abelian, E^^j,-structure, J^ x J(j-structure, and 
quaternionic-cyclic structure of Z/2 1''" ^'-framed immersions, s > 2, are in- 
troduced to weaken the condition of a reduction of classifying mappings of 



the self-intersection Z/2'^Lframed immersions of the considered framed im- 
mersion, see [A2, Definitions 4, 13, 13, 22] correspondingly. Analogously, for 
the notion of quaternionic reduction see Definitions 19 in [Al]. In the present 
part of the paper these notions were not considered, the analogous relative 
notions were considered, and I will recall them. 

The definitions of abelian, cyclic, and quaternionic structure of framed 
immersions admit relative analogs for formal PL-mappings with singulari- 
ties of the standard projective (see [A2, Definition 10]), standard Z/4-lens 
(see [Al, Definition 25]). The definitions of E^^^ ^-structure and J^ x J a 
structure of framed immersions also admit relative analogs for formal PL- 
mappings with singularities of the standard skeleton of the corresponding 
Eilenberg-Mac Lane spaces (see [A2, Definition 29, 31]). The definitions 
of quaternionic-cyclic structure also admit relative analogs, this analogous 
definition is formulated for PL-mappings with singularities of the standard 
skeleton of the corresponding Eilenberg-Mac Lane space (see [A2, Definition 
36]). 

The existence of (a relative) abelian structure is formulated in Lemma 7 
of [A2] , for convenience this lemma is reformulated below as Lemma [U (In 
the statement of this lemma below we re-denote the integer k' by k.) 

Lemma 1. For the dimensional restrictions 

n-k = -l (mod 4), k > 4, n = (mod 2) (1) 

there exists a formal (equivariant) mapping dP''' : MP"^''' x KP""^ — )■ M" x M", 
which admits an abelian structure (in the sense of {A2, Definition 10]). 

The existence of (a relative) cyclic structure is formulated in Lemma 32 
of [Al], this lemma is reformulated below as Lemma [H 

Lemma 2. A. For the dimensional restrictions 

n-k = l (mod 2),n-3A;-10 > 0, n = (mod 2) (2) 

there exists a generic PL-mapping d : MP"~'^ — )• R" (with singularities) with a 
marked closed component of the self- intersection, for which the formal exten- 
sion d^'^'^ admits a cyclic structure (in the sense of Definition [Al, Definition 
24J). 

B. For the dimensional restrictions 

k>5, n-k = (mod 4) (3) 

there exists a formal mapping (i*-^^ with formal self-intersection along a 
marked closed component Na, which admits a cyclic structure (in the sense 
of [Al, Definition 24]). 



Remark. Lemma [2] for the proof of the main result of [Al] is not used. 

The existence of (a relative) quaternionic structure is claimed in [Al, 
Lemma 33] and is reformulated below, this lemma is reformulated below as 
Lemma [3] (in this lemma we re-denote the mapping c by lii). 

Lemma 3. For n = Ak + {2'' - 1) , n = 2*^ - 1, i > 7 , a = [^] , then there 
exists a generic PL-mapping di : S^""^^ /\ — t- W" with singularities admitting 
a quaternionic structure in the sense of [Al, Definition 25/. 

The existence of a relative Ej^^j^-structure in the sense of [A2, Definition 
29] is formulated in [A2, Proposition 30]. 

The existence of a relative J^ x J^-structure in the sense of [A2, Definition 
31] is formulated in [A2, Proposition 32]. 

The existence of a relative Q x Z/4-structure in the sense of [A2, Defini- 
tion 36] is formulated in [A2, Lemma 37]. 

In this part of the paper we shall prove all the results formulated above 
from a unified point of view. The possibility of such an approach in the case 
of cyclic structure was discovered by Prof. A.V.Chernavsky at the end of 
the last century, and by Dr. S.A.Melikhov (2005) in the case of quaternionic 
structure. Preliminary results for cyclic and E^^ ^-structure in the case of 
weaker restrictions on the codimension of the immersion, are given in the 
papers [Akhl], [Akh2]. 

Let us formulate a number of remarks, which seem to be of interest. 

1. It is not, in general, possible to formulate the notion of abelian 
structure (and analogous notions considered above) in terms of the reduc- 
tion of a classifying mapping to the classifying subspace of a corresponding 
abelian subgroup. For example, in the case n = 62 there is, as proved 
in [M], an obstruction to the reduction of the classifying mapping for the 
self-intersection manifold of an immersion / : M"^^ S-^ M" into classifying 
subspace K{li, x I;,, 1) c K{'L/2^'^\ 1) of the abelian subgroup. 

2. For the construction of cyclic and quaternionic structure for im- 
mersions (relative cyclic and quaternionic structures for PL-mappings with 
singularities) only double self-intersection points of immersions (of PL- 
mappings) are considered. Alternatively, in the paper [E] (this paper, as was 
noted in [Al],[A2], is the foundation of our construction) self-intersection 
points of an arbitrary multiplicity were considered. In particular, it is inter- 
esting to define and to study a quaternionic structure, related with quadruple 
points manifolds of skew-framed immersions. 

3. The construction of quaternionic structure in Lemma[3]does not require 
the Massey embedding S^/Q C M^ [M], see also [Me]. Such an embedding 



was known earlier to W.Hantzsche [He]. By means of such an approach, it 
might be possible to weaken the dimensional restrictions in Lemma El For 
example, the Massey embedding allows to generalize Lemma [3] for maps in 
the range | (for maps M™' — )■ M", ^ < |). This means that one may consider 
an extra two quadratic extensions of the quaternionic group as the structure 
group of framing of immersions. 

Note that in [Al] the cases n = 15, n = 31 and n = 63 were not con- 
sidered. Additional arguments, in particular, might yield a proof of the last 
cases in the Adams Theorem on Hopf invariants, and clarify the remaining 
case in dimension 126 not covered by the Hill-Hopkins-Ravenel Theorem on 
Kervaire invariants. 



1 Auxiliary mappings 

CxpoaxcH BcnoMoraxejifcHbie oxoGpajKenHa. B JIcmmc [T] BcnoMoraxejibHoe 
oxo6pa>KeHHe cq fl,Jis oxoGpajKenne do; b JIcmmc [2] BcnoMoraxejibHbie 
oxo6pa>KeHHa c, c ^Jia oxo6pa>KeHH5i d; b JIcmmc [3] BcnoMoraxejibHtie 
oxoGpaaceHHa ci, Ci ^jis oxoGpaaceHHH di. 

We start by construction of auxiliary mappings. In Lemma [1] this is axil- 
lary mapping Cq for the mapping do; in Lemma [2] there are axillary mappings 
c, c for the mapping d; in Lemma [3] there are axillary mappings Ci, Ci for the 
mapping di. 

The transformation in Lemma [2] to the required formal (equivariant) 
mapping d^"^^ from the mapping c is given by an approximation, which is 
constructed in Lemma [TOl 

To proof the mentioned lemmas and propositions we introduce on the 
singular set of auxiliary mappings the coordinate system called angle- 
momentum. By means of this coordinate system in Lemmas [5)161 The config- 
uration space in Lemma [5l is defined as finite-dimensional resolution spaces 
for the singularity of the mapping c. In Lemma [6l the resolution spaces is 
much simpler, because the mapping under investigation is close to stable. 

Construction of an axillary mapping cq : MP" ^ — )• M" in Lemma [H 

Denote by Jq the standard (n — /c)-dimensional sphere of codimension k in 
R"', which is represented as the join of 

n- k + 1 ,^, 

^^ = r (4) 

copies of the circle S^. We denote the standard embedding of Jo into M" by 

ij, : Jo C M". (5) 



A mapping Pq : 5'"'^'^ — t- J is obtained as a result of taking the join of r 
copies of the standard double covering S^ — t- MP^. The standard antipodal 
action I^ x S^~'^ — )• S^~'' (here and below for notations of the group I^ etc. 
see the first part of the section 2 in [Al]) commutes with the mapping pq. 
Hence, there results a mapping with ramification p'q : MP"~^ — )• Jo- The 
required mapping cq : MP"~'^ — )■ M" is defined by means of the following 
composition: ij^opQ. 

Construction of axillary mappings c : MP" ^ — )• M", c : S""^^/! — )■ M" in 
Lemma [2] 

The mapping p' : S"'~^ — ?■ J is well defined as the join of r (see (jlj)) copies 
of the standard 4-sheeted coverings S^ — )■ 5*^/1. The standard action I^ x 
gn-k _^ ^n-k commutes with the mapping p'. Thus, the map p : S"'~^/i — >■ J 
is well defined and the map p : MP"^'^ — t- J is well defined as the composition 
poTC : MP""'' -> J of the standard double covering n : MP""'' — )■ S'"'^^/i with 
the map p. 

The required mapping c is defined by the formula 

ijop-.W-'' ^ J CW. (6) 

The required mapping c is defined by the formula 

ijop:5"-Vi^M". (7) 

Construction of axillary mappings ci : S'^~'^''~^'^^ /i — )■ M", ci : 

5""2fc/j ^ ^n 

Let a positive integer parameter k and a positive integer n are given as in 
Lemma [31 Let us denote by Ji a {n — 2k + 2'^~^)-dimensional polyhedron 
(the equation n — 2k + 2'^~^ = ^^^ +2°" is satisfied), this polyhedron is defined 
as the join of 



n+ 1 
2<^+i 



+ 1 = ri 



copies of the standard quaternionic lens space S'^'^~^/Q. Below we shall used 
the following notation n„ = 2'^ — 1, as in [Al] and 771^^ = 2°" — 2, as in [A2]). 
By the Hirsch Theorem an embedding iq : 5'"''/Q C M"''"^ is well defined. 

Assuming n = Ak + 2'^ — 1, £ > 7 the embedding Ji C M", as the join of 
ri copies of the embedding iq, is well defined; let us denote this embedding 
by ijj : Ji C M" (conip. with the mapping in [Lemma 35, A2]. 



The mapping p'^ : 5'"-2fc+"<T-i-i _^ j^ jg -^gH defined as the join of ri copies 
of the standard coverings S'"'' — )• S'"-" /Q. The action Q x 5'"-2fc+n<j_i-i _^ 
^n-2A:+n„_i-i jg ^^jj defined as the standard diagonal action, given by (23)- 
(25) in [Al], this action commutes with the mapping p[. 

Thus, the map pi : 5''^-2fc+"<T-i-i^Q _^ j^ jg -^gH defined and the map 

Pi^]5i0 7ri:S"-2'=+"-^-Vi^ Ji, (9) 

as the composition of the standard double covering tti : 5'"-2fc+"<7-i-iy'[ _^ 

Define the required mapping Ci as the composition ij-^ o p^ : 
^n-2fc+n„_i-Yj _^ ^n-2fc+n,_i-YQ ^ j^ ^ ^n. Cousidcr the submauifold 
i : S^^"^^ /i C 5'"-2fc+nCT-i-i^j^ ^]-^jg submanifold is in general position with 
respect to strata of the manifold s^~'^^^""'-^~^ /\, the strata are determined 
by the join structure. Define the mapping 

Define the required mapping Ci as the composition 

2 Configuration spaces and singularities 

Subspaces and factorspaces of the 2-configuration space for MP"~^, 
related with the axillary mapping c in Lemma [T] 

In [Al, Section 3 (46)] the space F, its double covering f, and the structural 
mapping rjY : F — > K{D^1) were defined. The space F is a manifold with 
boundary. Denote the interior of this manifold by Fq. The restriction of the 
structural map tjy on Fq will be denoted by ?7r^ : Fq — )■ -^'(D, 1). 

Denote by K^ C Fo the polyhedron of double-point singularities of the 
map p : KP"~'^ -^ J, this polyhedron is defined by the formula {[(x,?/)] G 
Fo,p(x) = p{y),x 7^ y} (see [Formula (39), Al]). This polyhedron is equipped 
with a structural mapping 

VK.:Ko-^K{-D,l), (12) 

which is induced by the restriction of the structural mapping rjr„ (see [Al] 
and below) to the subspace Ko- 

Consider the manifold, which is defined by the compactification of the 
open manifold Fq by means of diagonal component I^diag (the blowing up 

6 



of the diagonal is not considered). Denote the closure of Cl{Ko) of the 
polyhedron Ko in this manifold with singularities by K. Denote by Qdiag 
the space Cl{Ko) \ Ko- Obviously, Qdiag C K. Let us call this subspace the 
boundary of the polyhedron K. 

The restriction of the structure mapping rjKo on a regular deleted neigh- 
borhood UQdiago is given by the composition of the mapping tjuq^^^ ^ : 
UQdiago -^ K{li„l) and the mapping ii^j^ ■ K(Ih,l) -)■ i^(D, 1). Homo- 
topy classes of the mappings rjdiag and tjuq^.^ ^ are related by the equation: 

Vdiag O prOJdiag = Ph,!^ ° ^C/Qd^a^o • 

Note that the structural mapping of rjKo does not extended from Ko to the 
component Qdiag of the boundary. The mapping Kdiag ■ Qdiag -^ K{ld, 1) is 
well defined. Denote by U{Qdiag)o d Ko a. small regular deleted neighborhood 

OI ^diag- 

Subspaces and factorspaces of the 2-configuration space for MP*^"^, 
related with the axillary mappings c, c in Lemma [2] 

The space F, the subspace To C F, its double coverings F, Fq were defined 
above. The structural mapping rji-^ : Fq — t- -^'(D, 1) also were defined. 
Denote by 

So C Fo (13) 

the polyhedron of double-points singularities of the map p : MP"^*^ — )■ J, 
this polyhedron is defined by the formula {[(x,y)] G Vo,p{x) = p{y),x ^ y}. 
This polyhedron is equipped with a structural mapping rj-s^ : So — )■ -^'(D, 1), 
which is induced by the restriction of the structural mapping r^p^ on the 
subspace So. 

The standard free involution i : MP"^'^ — )• MP*^"^ is well defined. This 
involution permutes points in each fiber of the standard double covering 
jgpn-fc _v. gn-k j-^^ rjj^g space Fo admits an involution (with fixed points) 

Tio : Fo ^ Fo, (14) 

which is defined as the restriction of an involution i x i : MP"~'^ x MP*^"^, 
constructed by the involution i on each factor, on the subspace Fo C MP*^"^ x 
IKP"~^. On the quotient Fo/T = Fo of Fo by the another involution T, which 
permutes the coordinates, the factorinvolution Tio : Fo — )■ Fo is well defined. 
Let us denote by T^antidiag C Fo a subspace, called the antidiagonal, which 
is formed by all antipodal pairs {[(x, y)] G Fo : x, y G MP"~'^, x 7^ y, i(x) = y}. 



It is easy to verify that the antidiagonal T^anudiag C Fq is the set of fixed points 
for the involution T^o- 

The subpolyhedron So C To of muhiple-points of the map p is represented 
by a union So = ^anudiag U Ko, where Ko is an open subpolyhedron contains 
all points of So outside the antidiagonal. The subpolyhedron Ko C Tk^ is 
invariant under the involution Tio. 

Define the restriction of the involution TioIko by T^-^. The considered 
restriction is a free involution. Denote the factorspace Kq/Tko by Kq. The 
restriction of the structure mapping rj^^ : To — ?■ -^'(D, 1) on Ko denote by 

Denote the closure of Cl{Ko) of the polyhedron Ko (respectively, the 
closure of the polyhedron Cl{Ko) polyhedron K(o)) by K (respectively, by 

k). 

Denote by Qdiag the space dVdiag^K. Obviously, Qdiag C K. We shall call 
this subspace the component of the boundary of the polyhedron K. Similarly, 
we denote by Qdiag the component of the boundary of the polyhedron K. 

Note that the mapping tjk is not expendable to boundary component 
Qdiag- The mapping Kdiag ■ Qdiag -^ Kild, 1) is well defined. Let us denote 
by U (Qdiag) o C Ko a small regular deleted neighborhood of Qdiag- The 
projection projdiag '■ U{Qdiag)o — > Qdiag of the regular deleted neighborhood 
to Qdiag- The restriction of the structural mapping tik^ to the neighborhood 
U{Qdiag)o is represented by a composition of the map r]u{QMag)o '- U{Qdiag)o -> 
Kilb^ 1) and the maps h^ji : -^'(Ife, 1) — )■ -^(D, 1). Homotopy classes of maps 
Vk\q^,,, and Vu{Qa,^,)o satisfy the equation: 

Vdiag O projdiag = Pl,,I^ ° VUQ^,^,,- 

Let us investigate the polyhedron of singularities of an axillary mapping 
c. define the following commutative diagram of subgroups: 



Id C la C D C H. (15) 







\xb 


/ 




n 


la 

\ 


c 


D 

n 

Ic 



In this diagram, the inclusion D C H is a central quadratic extension of 
D by the element i (of the order 4), for which i^ coincides with the generator 
— 1 of the subgroup Id C D. The abelian groups H^, H^^j^, He, H^ are the 
subgroups in H, this groups are the quadratic extensions of the corresponding 
subgroups la, If) X Ib,Ic,Id by means of the element i. Note that the groups 
H^^j, and E^^j^ (see above [formula (84), A2]) are isomorphic. 



The difference between the considered groups H^^^ and E^^^ are the fol- 
lowing: the representation of Hj^^j, — )■ Z'^^ (see below [Example 16, Al]) 
and Ejj^^ — )■ Z/2'^1 (see [Diagram (85), A2]) are different. The kernel of the 
epimomorphism 

H,,, ^ Z/2[=^l ^ Z/2, (16) 

where Z/2['^l — )■ Z/2 corresponds to the subgroup [(19), A2] of the index 2, 
contains an element i G H^ C H^^^ of the order 4 (conip. with Diagram 
flT^ below, in which H^ = H^ fl H^^j). The kernel of the homomorphism 
Ej,^^ — > Z/2[^l — i- Z/2 coincides with the subgroup I^^b '^ ^bxb' which is an 
elementary 2-group. 

The induced automorphism x^^^ '■ Z/2^^1 — )■ Z/2['^l of the group H^^j^, 
re-denoted by 

X^'l : H,,, ^ H,,^, (17) 

is defined by the formula X^^'(i) — i; where i G H^^-is the generator. 

The following natural mapping r]j^ : Ko — )■ -^'(H, 1), which corresponds 
to the mapping of canonical 2-sheeted covering, is well-defined: 



Ko - 


-> Ko 


K{Ic,l) - 


-^ /^(H„l) 


i 


; - 


-^ i 


i 


Ko - 


-> Ko 


K{T>,1) - 


-^ i^(H,l). 



Horizontal maps between the spaces of the diagrams we re-denote for 
brevity by f/, fj, rj, fj, respectively. 

Subspaces and factorspaces of the 2-configuration space for S'^^^'^/i, 
related with the axillary mapping ci 

The space Fi, its double covering Fi, and the structural map r^pi : Fi — )■ 
i^(H, 1) was defined in [Al, Section 4, (62) and below]. The space Fi is a 
manifold with boundary. Denote the interior of this manifold by Fiq. The 
restriction of the structural map rjr^ to Fio will be denoted by rjr^^ : Fio — )■ 
K{-H,l). 

Denote by Sio C Fi ^irc the polyhedron of double-points singularities of 
the map p : 3'""^"^^ — ?■ Ji, this polyhedron is obtained by the blowing up of the 
polyhedron {[(x,?/)] G Fio,p(x) = p{y),x ^ y}. This polyhedron is equipped 
with a structural mapping 

CE,„:Sio^ir(H,l), (19) 



which is induced by the restriction of the structural mapping (^Pio o^^ the 
subspace Sio. 

The subpolyhedron Sio C Fio of multiple-points of the map pi is repre- 
sented by a union Sio = T^anUdiag^ Kio, where Kio is an open subpolyhedron, 
this subpolyhedron contains all points of Sio outside the antidiagonal. Let 
us denote the restriction of the structural mapping (-pio • Tio — > -^(H, 1) on 
Txio and on Kio by Crio and by Cxio respectively. 

Denote the closure of Cl{Kio) of the polyhedron Kio in Fi (respectively, 
the closure of the polyhedron Cl{Kio) polyhedron Kio in Fi) by Ki (respec- 
tively, by i^i). Denote by Qantidiag the space Hantidiag H Ki, denote by Qdiag 
the space dVdiag H-ft'i. Obviously, Qdiag C i^i, Qantidiag C Ki. We shall call 
these subspaces the components of the boundary of the polyhedron Ki. 

Note that the structural mapping of (^^^^^ is extended from Kio to the 
component Qantidiag of the boundary. Denote this extension by CQanudia '■ 
Qantidiag "^ K{Yi,l). The mapping C,Qa^uMag is the composition Cantidiag ■ 
Qantidiag -> -^(Q, 1) and the inclusion iqu : i^(Q, 1) C K{B., 1). 

Note that the mapping (xi is not expendable to boundary component 
Qdiag- The mapping (diag ■ Qdiag -^ K(Ia,l) is well defined. Let us denote 
by U{Qdiag)o C Kio a small regular deleted neighborhood of Qdiag- The 
projection projdiag '■ U{Qdiag)o — ^ Qdiag of the regular deleted neighborhood 
to Qdiag to the central manifold is well defined. 

The restriction of the structural mapping (^Xio to the neighborhood 
U{Qdiag)o is represented by a composition of the map CuQ^ago '■ UQdiago -> 
KCH-bxh^ 1) and the maps ^h.^^.h : ^(Hf,xb, 1) ^ K{li, 1). 

Homotopy classes of maps (diag and (uQ^ia o are related by the equation: 

Cdiag O projdiag = PH^^i,,la ° CuQa,aao- 



3 Resolution spaces for singularities 

Resolution spaces for polyhedra Ko and Ko 

We construct a space RKo, which we call the resolution space of the polyhe- 
dron Ko- In [A2] the group (I^ x If,)^[2]Z, equipped with the homomorphism 
$^^1 : (I5 X i6)^[2]Z — )■ D, and the subgroup I^ x J;, C (I;, x ib)^(2)Z are well 
defined. 

Consider the following diagrams: 



10 



RKo ^ K, 

<^; (20) 

ir((i, xi,)^,2)Z,i), 

\ ^ Vdiago (21) 

where RQdiago = {pr)~^{UQdiago)- 

Lemma 4. There exists the space RKo, which is included into the commu- 
tative diagram fl2Ul) . The following diagram dH]) determines the boundary 
conditions. 

Resolution spaces for polyhedra E and K 

Define a space -RSq, which is called the resolution space for the polyhedron 
So, which is given by the formula flT^ . 

The space i?So contains two components, which is denoted by -RS^, 

REa U RK.^i,, = REo. (22) 

The space -RS^ is a closed polyhedron, for which the structured mapping 

0, : i?S, -> K{Ia, 1) (23) 

is well-defined. The mapping fl2^ is included into the following commutative 
diagram: 

Zjq 4- R^a 

; r/o ; 0a (24) 

The space RK^^^j^^ is a 2-sheeted covering space of the covering Rr^^i^ : 

11 



K 4^ RK ■ ^' RK ■ -^ k 

^(I^x J,P, Z, 1) C i^(H,,J,p,Z,l). 

The group H^^^ /.[aj, which is used in Diagram (^^ is defined analogously 
to the group (E^^j,) J [3] Z, [Formula (68), A2], using the automorphism (in- 
volution) flTT]) . 

Denote {pfY^iJJQdiago) by RQdiago- The following inclusion RQdiago C 
^^bxbo is well-defined. 

Let us denote by RQdiago the boundary of the corresponding 2-sheeted 
covering space over RQdiago- The following diagram is well-defined. 

^^ diago ' ^ ^diago 

hxb i Vdiago i (26) 

^(H,xJ,„Z,l) D i^(H,,„l). 

To prove the main result of the section we will use the following lemma. 

Lemma 5. There exists a space R'Eo, which is satisfies the equation (l22l) . 

The component RT^a is equipped by the mapping (l23l) . which is included 
into the commutative diagram ([21]). 

The component RK^^^^^ is the total space of a regular 2-sheeted covering 
over the space RK^^-^^^ such that the commutative diagram fl25l) is well-defined. 
Moreover, the commutative diagram fl2B]) . which determines boundary condi- 
tions, is well-defined. 

Resolution space for the polyhedron Si 

We shall define a space -RSio, which we call resolution space of the polyhedron 
El. The space -RSio contains two components, which is denoted by -RSq, 
RK-F, o, as follows: 

i?SQUi?irH,,,o = i?Eio. (27) 

Let us consider the following diagrams: 
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01 i (28) 

01 \ ./ Uas (29) 

^(H,,„l), 

in which RQdiag = ipri)'^{Qdiag)- 

The following lemma is analogous to Lemma \5\ 

Lemma 6. There exists a space RKi, which is satisfies the equation fl27|) . 
an which is included in the commutative diagram fl28l) . Moreover, the com- 
mutative diagrams fl2^ determines boundary conditions. 

4 ^OKasaxejibCTBO JleMMbi [2] 

5 Proof of Lemma [2 

Let us recall that the polyhedron J is PL homeomorphic to the standard 
sphere S"~^. Consider the embedding ([5]). Decomposes this embedding into 
the following composition of the standard embeddings: ii : J (Z J x M.''~^ C 
R'^-^ i2 : W'-^ C W-\ is : R"-i C R". 

Consider the mapping c : S^^^ /\ — t- R"", which is given by the formula 
(jTj). Let us represents this mapping by the composition of the mapping 
c'l : ^""^/i — )■ J X R^~^, the inclusion 12 : J x R''^^ C R"~\ and the standard 
inclusion i^ : R""^ C R". 

Define the mapping Ci : S'"'^^/i — t- R"~^ as a result by a special C^-small 
PL-deformation of the mapping c[ . 

Denote by f/j 1 C R"~^ the regular neighborhood of the embedded sphere 
J G J X R'^^^ c R"^^. Denote by projj : Uj^i — )■ J the orthogonal projection 
of a smallest neighborhood onto the central sphere J. The PL-deformation 
c'l ^-)■ Ci is defined as a vertical deformation with respect to the orthogonal 
projection projj. 

Consider the mapping Ci = p o ci : RP"~'^ — )• S'"~'^/i — )■ R"-"^ and define 
a mapping c'^ : RP"~'^ — )■ R"~^ as the result of an additional C^-small defor- 
mation Ci I— )■ c'l, which is vertical with respect to the projection projj, and 
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which has the cahber e, much smaller then the caliber i of the deformation 

Let us denote the self- intersection polyhedron of the mapping c'l, and the 
open subplolyhedron the of regular self-intersection points of this map by 

KcN'. (30) 

By dimensional reasons, the mapping c'l has no self-intersection points of the 
multiplicity 3 and more. Because the codimension co(iim(E(c']^)) = k — 5, 
using the condition ([2]) we get: 2codim{N') > n — k. 

Because the deformation Ci h-)> c[ is vertical, the polyhedron A^^ is a 
subpolyhedron in the polyhedron Sq. Denote by 

NLo c K (31) 

an open polyhedron, which is defined by the inverse image of the subpolyhe- 
dron P2l) (see below) by the standard inclusion A^^ C Sq. 

Because e << i, the subpolyhedron fl?Il) is equipped by the involution, 
which is induced from the involution flT^ by the standard inclusion. This 
involution is a free involution, because the polyhedron (13T1) does not intersects 
the antidiagonal. Let us denote by A'^' ■ the quotient of the polyhedron A^' ■ 
with respect to this involution. The associated 2-sheeted covering denote by 

K u ^ N! i^ . (32) 

bxbo bxbo \ / 

The following commutative diagrams are well defined: 

iv'o i V'dzago (33) 

KiB,l) D ir(I,,^,l), 

i fl'o i vL,o (34) 

Below we shall define the required mapping d : MP"^^ — )■ M" as the result 
of a special deformation 22 ° c[ i—)- d. The deformation ^2 ° c'l 1— )■ d, gener- 
ally speaking, is not a vertical deformation with respect to the orthogonal 
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projection projj o (M" — )■ R"~^). Let us denote by A^o an open polyhedron 
of self-intersection points of the mapping d. The following subpolyhedra are 
well defined: A'^^xbo *^ ^o, ^bxfeo- Properties of the mapping d is described in 
the following lemma. 

Lemma 7. There exists a C'-' -small PL- deformation 120 c[ \-^ d, d: MP""*^ — )■ 
M"~^, such that for the polyhedron No is decomposed into the union of two 
subpolyhedra: 

No = N,UN,,i^^, (35) 

where Na is closed. 

The restriction of the structure mapping rjo on the closed subpolyhedron 
Na admits a reduction, given by a mapping fia '■ Na ^ K{Ia, 1): 



Va = iaOfla-Na^ K{la, 1) C ^^(D, 1). (36) 

The restriction of the structured map ^5x60 ^^ ^^^ component A^^xfoo ^■^ 
a 2-sheeted covering mapping over a mapping fji^^i^^ : Nf^^i^^ — ?■ K{ii,l). 
The mapping fj^^j^^ admits a reduction by a mapping /i^xbo ■ ^bxbo ~^ 



Vbxbo 



•^''^ ° f^b.bo ■■ N,,bo -> ^(H,xi / Z, 1) ^ ^(H, 1), (37) 

Jyl2] 



where $1^' : ii'(H^^j, J pj Z, 1) — > K(ii, 1) is a natural mapping (see an anal- 
ogous [Diagram (85), A2]). 

A sketch of the proof of Lemma [2] 

The deformation 12 o c'^ 1— )■ d will be defined, such that the polyhedron f l35|) 
admits a resolution mapping: 



ta U t,x6o : Na U N,^,^ ^ RKa U RK, 



bxbo- 



The following properties are well-defined: The mapping ta induces the fol- 
lowing mapping fJ^a = 4'a°ta : Na ^ K{Ia, 1), which is the required mapping. 
The mapping t„ induces the following mapping /Xj,^^„ = (p^xbo^^bxho '■ ^6x60 ^ 
^i^bxbl [2] ^5 !)■ This mapping is a 2-sheeted mapping over the second re- 
quired mapping /t{,xfeo ■ ^6x60 ~^ ^(^bxbl p] ^) !)• ^^ outline of the proof 
of Statement A of Lemma [2] is presented. Statement B of Lemma [2] is proved 
analogously. 
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6 Coordinate system angle-momentum on the 
spaces of singularities and construction of the 
resolution spaces 

The complex stratification of polyhedra J, S, So by means of the 
coordinate system angle - momentum 

Let us order lens spaces, which form the join, by the integers from 1 up to 
r and let us denote by J{ki, . . . , kg) C J the subjoin, formed by a selected 
set of circles (one-dimensional lens spaces) S^/i with indexes 1 < ki < ■ ■ ■ < 
kg < r, > s > r. The stratification above is induced from the standard 
stratification of the open faces of the standard r-dimensional simplex 6^ under 
the natural projection J ^ 6^ . The preimages of vertexes of a simplex are 
the lens spaces J{j) C J, J{j) ~ S^/i, 1 < J < t, generating the join. 

Define the space jt'*' as a subspace of J, obtained by the union of all 
subspaces J{ki, . . . ,ks) <Z J. 

Thus, the following stratification 

jMc-.-c J«c/°), (38) 

of the space J is well-defined. For the considered stratum a number r — s 
of missed coordinates to the full set of coordinates is called the deep of the 
stratum. 

Let us introduce the following denotation: 

jW = j(*) \ j(^+i). (39) 

Denote the maximum open cell of the space p~^{J{ki, . . . ,ks)) by 
U{ki, . . . ,ks) C 5*"^^/!. This open cell is called an elementary stratum of 
the depth {r — s). A point at an elementary stratum U{ki, . . . ,ks) C S*""^/! 
is defined by a set of coordinates (xfc^, . . . ,Xk^, A), where Xki G S*"*^ is a co- 
ordinate on the 1-sphere (circle), covering lens space with the number ki, 
A = (4^, . . . , /fc J is a barycentric coordinate on the corresponding (s — 1)- 
dimensional simplex of the join. Thus if the two sets of coordinates are 
identified under the transformation of the cyclic la-covering by means of the 
generator, which is common to the entire set of coordinates, then these sets 
define the same point on S""^^ /\. Points on elementary stratum U{ki, . . . ,ks) 
belong in the union of simplexes with vertexes belong to the lens spaces of the 
join with corresponding coordinates. Each elementary strata lf{ki, ... ,ks) is 
a base space of the double covering U{ki, . . . ,ks) — )■ iJ{ki, . . . ,ks), which 
is induced from the double covering MP"~^ — > 8""^^ /'i by the inclusion 
t/(A;i,...,A;,)c ^""Vi- 
le 



The polyhedron So is spht into the union of open subsets (elementary 
strata), these elementary strata are defined as the connected components of 
the inverse images of elementary strata (139|) . Denote these elementary strata 

by 

K^''-'\h,...,h), l<s<r. (40) 

Let us describe an elementary stratum K^'^~'^^(ki, . . . , A;^) by means of the 
coordinate system. To simplify the notation let us consider the case s = r. 
Suppose that for a pair of points (xi, X2), defining a point on K^'^^{1, . . . ,r), 
the following pair of points (xi,X2) on the covering space 5'""'^ is fixed, and 
the pair (xi,X2) is mapped to the pair (xi, X2) by means of the projection 
of 5**^"^ — )■ MP"~'^. Accordingly to the construction above, we denote by 
{xi,i,X2,i), i = 1, . . . , r a set of spherical coordinates of each point. Each 
such coordinate with the number i defines a point on 1-dimensional sphere 
(circle) 5*^^ with the same number i, which covers the corresponding circle 
J{i) C J of the join. Note that the pair of coordinates with the common 
number determines the pair of points in a common layer of the standard 
cyclic la-covering S^ — )■ S^/i. 

The collection of coordinates (xi^j,X2,j) are considered up to independent 
changes to the antipodal. In addition, the points in the pair (xi,X2) does 
not admit a natural order and the lift of the point in ii" to a pair of points 
(3^1,3^2) on the sphere S^~^, is well determined up to 8 different possibilities. 
(The order of the group D is equal to 8.) 

An analogous construction holds for points on deeper elementary strata 
K^'-'\ki,...,ks), l<s<r. 

The coordinate description of elementary strata of the polyhedra 

Let X G K^^~^^(ki, . . . , ks) he a point on an elementary stratum. Consider 
the sets of spherical coordinates Xi^i h X2,i, ki < i < kg oi the point x. For 
each i the following cases: a pair of i-th coordinates coincides; antipodal, 
the second coordinate is obtained from first by the transformation by means 
of the generator (or by the minus generator) of the cyclic cover. Associate 
to an ordered pair of coordinates xi^ki and X2,ki, 1 < "^ < s the residue 
Vki = Xi^ki{x2,ki)~^ *^f ^ value +1, —1, +i or — i, respectively. It is easy 
to check that the collection of residues {vk^} is changed by the following 
transformation. When the collection of coordinates of a point is changed 
to the antipodal collection, say, the collection of coordinates of the point X2 
is changed to the antipodal collection, the set of values of residues of the 
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new pair (a;i,a;2) on the spherical covering is obtained from the initial set of 
residues by changing of the signs: 

The residues of the renumbered pair of points change by the inversion: 

where f H- -u means the complex conjugation. Obviously, the set of residues 
does not change, if we choose another point on the same elementary stratum 
of the space Ko- 

Elementary strata of the space K{ki, . . . ,ks), in accordance with sets of 
residues, are divided into 3 types: Iq, If,x65 Irf- If among the set of residues are 
only residues {+i, — i} (respectively, only residues {+1, —1}), we shall speak 
about the elementary stratum of the type I^ (respectively of the type I^xb)- ^^ 
among the residues are residues from the both set {+i, — i} and {+1, —1}, we 
shall speak about elementary stratum of the type I^. It is easy to verify that 
the restriction of the structure mapping rj : Kqo — ?■ -^(D, 1) on an elementary 
stratum of the type la, If,xf„ Id is represented by the composition of a map in 
the space K{Ia, 1) (respectively in the space i^(I^^jj, 1) or K{Id, 1)) with the 
map ia : K(Ia, 1) — )■ -^'(D, 1) (respectively, with the map i^^j, : /^(If,^^,, 1) — )■ 
K{D, 1) or id : K{Iii, 1) — > -^'(D, 1)). For the first two types of strata the 
reduction of the structural mapping (up to homotopy) is not well defined, but 
is defined only up to a composition with the conjugation in the subgroups 

The polyhedron So contains the polyhedron Ko and So \ Ko consists of 
antidiagonal elementary strata. For an arbitrary elementary antidiagonal 
stratum K{ki, . . . ,ks) the residue of the each angle coordinate is equal to 
+i. A antidiagonal stratum is an elementary stratum of the type Iq. The 
polyhedron S is derived from So by the joining of all diagonal strata (on 
each diagonal strata the residue of an arbitrary angle coordinate is equal 
+1), which is in the boundary of the polyhedron. It is easy to verify that 
S \ So contains all elementary diagonal strata of the deep greater, or equal, 
then 1. 

Define the following open subpolyhedra 

Kao GKoC So, (41) 

K,,,„ cKoC So, (42) 
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Kdo C i^o C S, (43) 

as the unions of all elementary strata of the corresponding type. 
The following polyhedron 

K,.to C i^o (44) 

is defined as the base of 2-sheeted covering over the polyhedron f H2]) . The 
description of (H2|) by means of the coordinates is obvious and is omitted. 

Description of the structural map r^o : So — )■ 7^(0,1), by means of 
the coordinate system 

Let X = [{xi,X2)] be a marked a point on Ko, on a maximal elementary 
stratum. Consider closed path X : S^ -^ Ko, with the initial and ending 
points in this marked point, intersecting the singular strata of the depth 
1 in a general position in a finite set of points. Let (xi,X2) be the two 
spherical preimages of the point x. Define another pair (i:']^,X2) of spherical 
preimages of x, which will be called coordinates, obtained in result of the 
natural transformation of the coordinates (xi,X2) along the path A. 

At regular points of the path A the family of pairs of spherical preimages 
in the one-parameter family is changing continuously, that uniquely iden- 
tifies the inverse images of the end point of the path by the initial data. 
When crossing the path with the strata of depth 1, the corresponding pair of 
spherical coordinates with the number / is discontinuous. Since all the other 
coordinates remain regular, the extension of regular coordinates along the 
path at a critical moment time is uniquely determined. For a given point x 
on elementary stratum of the depth of the spaces Ko the choice of at least 
one pair of spherical coordinates is uniquely determines the choice of spheri- 
cal coordinates with the rest numbers. Consequently, the continuation of the 
spherical coordinates along a path is uniquely defined in a neighborhood of 
a singular point of the path. 

The transformation of the ordered pair (xi, X2) to the ordered pair (x'^, Xg) 
defines an element the group D. This element does not depend on the choice 
of the path / in the class of equivalent paths, modulo homotopy relation in 
the group 7ri(Eo,x). Thus, the homomorphism 7ri(Eo,x) — )■ D is well defined 
and the induced map 

r]o:^o^K{-D,l) (45) 

coincides with structural mapping, which was determined earlier. It is easy 
to verify that the restriction of the structural mapping rjo on the connected 
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components of a single elementary stratum Ko{l, ■ ■ ■ ,r) is homotopic to a 
map with the image in the subspeces K{Ia,l), K(I^^^,1), 7^(1^,1), which 
corresponds to the type and subtype elementary stratum. 

Coordinate description of the canonical covering over an elemen- 
tary stratum 

Consider an elementary stratum K^^'~'^\ki, . . . ,ks) C Ko ^ of the depth 
{r — s). Denote by 

TT : i^I"-^] {ki,...,ks)^ K{Z/2, 1) (46) 

the classifying map, that is responsible for the permutation of a pair of points 
around a closed path on this elementary stratum. This mapping is called the 
classified mapping for the corresponding 2-sheeted covering. 
The mapping vr coincides with the composition 

i^[^-^l(fci, . . . , A;,) -^ K(D, 1) -^ KiZ/2, 1), 

where K(D, 1) — y K{Z/2, 1) be the map of the classifying spaces, which is 
induced by the epimorphism D — )■ Z/2 with kernel Ic C D . The canonical 
2-sheeted covering, which is associated with the mapping vr let us denote by 

m^-^\k,,...,ks)-^K^''-'\k,,...,k,). (47) 

With the mapping fHBl) the following equivariant mapping is associated: 

7r:i?[^-^](fci,...,A;,)^^°°, (48) 

where the involution in the image is the standard antipodal involution. This 
mapping is a 2-sheeted covering over the mapping fHB]) . 

For an elementary strata of the type Ij^^^ with the mapping (HHj) the 
following equivariant mapping is associated: 

n:k^^-'\ki,...,h)^S^, (49) 

where the mapping K^^^'^^{ki, . . . ,ks) C /^(H^^^j,, 1), (H9|) is a 2-sheeted cov- 
ering over the mapping 



Lemma 8. The restriction of the map fH5]) to the canonical 2-sheeted cov- 
ering over an elementary strata of an arbitrary type is homotopic to the 
following composition 

7T:K^''-'\ki,...,ks)^S^cS'^. (50) 
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The restriction of the equivariant map fH^ to the canonical 2-sheeted covering 
over an elementary strata of the type H^^j^ is homotopic to the following 
composition 



TC 



■.k^'-'\ku...,h)^S'cS^, (51) 



where S-^ C 5*°° is the equivariant embedding of the standard 1- dimensional 
skeleton of the classifying space. 

Proof of Lemma [8] 

Let us prove the lemma by means of explicit formulas for the mappings 
(13U]) (1^ . An arbitrary point [(xi,X2)] G K^^~^''^^{ki, . . . ,ks), or [(xi,X2)] G 
^[r-s,i]j^^^^ . . . , fc^) is determined by the equivalence class of the collection of 
angle coordinates and the momentum coordinate. The structure mapping 
rjo, 57fex6o i^ determined by a transformation of angle coordinates. Let us 
define the mappings fl50l) . flSTl) by the corresponding transformation of the 
marked pair of the angle coordinates. Below the prescribed pair of the angle 
coordinates for an elementary stratum of each arbitrary type is defined. 

Assume that a point [(xi, £2)] G K'-'^~'^' (fci, . . . , kg) is belong to the stratum 
of the type H^^^. Because the residue of the prescribed pair of the angle 
coordinates is well-defined, a non-ordered pair of the angle coordinates with 
the residue —1 it is convenient to denote by [(xi^_,X2,-)]; a pair of the angle 
coordinates with the residue -|-1 denote by [(xi^_|_,X2^+)]. 

The each coordinate Xi,_, X2-, ^1,+, 2:2,+ determines the corresponding 
point on 5*^. It is not difficult to check, that Xi.+ = X2.+ , Xi^^ = —£2,-. 
Therefore the mapping (xi,a;2) *-^ (^]~-^i,+ 5^2^-^2,+) transforms the points 
of an ordered pair into the antipodal points on S^. The changing of a pair 
of the angle coordinates to an equivalent pair, which keeps the order of the 
points of the pair, does not change the equivariant mapping. The changing 
of the order of points in the pair transforms the equivariant mapping to the 
antipodal mapping. The constructed equivariant mapping is the required 
equivariant mapping (l50l) for the stratum of the type H^^j^. 

Assume a point [(xi,X2)] G K^'^~^''^^{ki, . . . ,ks) belongs to an elementary 
stratum of the type Iq (including the case, when a stratum is antidiagonal) . 
The mapping (l50|l is determined by a transformation of the prescribed pair 
of the angle coordinates with the residue -|-i, which we denote (and the 
same time introduce an order of the pair) as (xi^+i, ixi^+i). The mapping 
(xi,X2) I-)- (x^ _|_i, — x^_,_i) transforms the points of the ordered pair into an 
antipodal points on S^. This mapping is the required mapping (150|) for the 
elementary stratum of the type Iq. 
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Assume a point (xi,a;2) G K^^'~^^(ki, . . . ,ks) belongs to an elementary 
stratum of the type I^^. The mapping flHJ]) is determined by a transformation 
of the prescribed pair of the angle coordinates with the residue +i, which we 
denote by [(xi_+i, ixi^+i)]. The mapping (a;i,X2) i— )■ (xi,+i)^, — Xi^+i)^ trans- 
forms the points of the ordered pair into an antipodal points on S^. This 
mapping is the required mapping (IHO]) for the elementary stratum of the type 
Irf. Let us denote that the constructed mapping ( 150 p on each elementary stra- 
tum of the type I^ is homotopic to the constant mapping. 

Lemma [8] is proved. 



Prescribed coordinate system and marked pair of the angle coor- 
dinates on an elementary stratum of the polyhedron i^^xbo 



Let us recall that the space Ki o is the union of closures 

Cl{K^'^~^''^\ki^ . . . , kg)), < s < r of elementary strata of the stratification 
fl40p (closures are considered in the space Ko). The collection of coordinates 
is fixed by an ordering of the spherical preimages (xi,X2) of the marked 
point. On each elementary stratum a of the type H^^b ^^t us fix the pre- 
scribed coordinate system Q{a) as follows. (In the case an equivalent class 
of the prescribed coordinate system of an elementary stratum depends no of 
an order of the preimages.) 

Let us call a coordinate system a prescribed coordinate system if, 

-assuming the number of the angle coordinates is odd, the product of 
residues is equal to +1; 

-assume that the number of the angle coordinate is even, the number of 
residues +1 is greater then the number of residues —1, if the the numbers of 
residues +1 and —1 coincide, the residue with the smallest number is equal 
to +1. 

The angle coordinate of the prescribed system with the residue +1 of the 
smallest number is called the marked coordinate on K^'^~^''^^{ki, . . . , kg). 

Prescribed coordinate system and marked pair of the angle coor- 
dinates on an elementary stratum of the polyhedron Ki^o 

Let us recall that the space i^i^o is the union of closures 
Cl{K^^''^''^^(ki, . . . ,ks)), < s < r of elementary strata of the stratifi- 
cation (140|) (closures are considered in the space Ko). On each elementary 
stratum a of the type !„ residues are +i, or — i. Let us define the prescribed 
coordinate system Q{a) as follows. 

Let us call a coordinate system is the prescribed coordinate system if, 
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-assuming the number of the angle coordinates is odd, the product of 
residues is equal to +i; 

-assume that the number of the angle coordinate is even, the number of 
residues +i is greater then the number of residues — i, if the the numbers of 
residues +i and — i coincide, the residue with the smallest number is equal 
to +i. 

The angle coordinate of the prescribed system with the residue +i of the 
smallest number is called the marked coordinate on K^^~'^''^'{ki, . . . ,ks). 

Prescribed coordinate system and marked pair of the angle coor- 
dinates on an elementary stratum of the polyhedron i^i^o 

On each elementary stratum a of the type 1;^ residues are 
{+i, — i, +1, — l}.{+i, — i}. Let us fix the prescribed coordinate system 
Q{a) as follows. 

Let us call a coordinate system is the prescribed coordinate system if, 

-assuming the number of the angle coordinates with imaginary residues 
is odd, the product of imaginary residues is equal to +i; 

-assume that the number of the angle coordinate with imaginary residues 
is even, the number of residues +i is greater then the number of residues — i, 
if the the numbers of residues +i and — i coincide, the imaginary residue with 
the smallest number is equal to +i. 

The angle coordinate of the prescribed system with the residue +i of the 
smallest number is called the marked coordinate on K^^~'^''^^{ki, . . . , kg). 



Let us recall that the space Ki^o is the union of closures 
Cl{K^^~'^''^^{ki, . . . , kg)), < s < r of elementary strata of the stratification 
fHU]) On each elementary stratum let us fix the coordinate system as follows. 

Assume the number of the angle coordinates is odd. Let us call a co- 
ordinate system is the prescribed coordinate system, if the sum of residues 
of angle coordinates are equal to +i. Assume that the number of the angle 
coordinate is even. Let us fixes the prescribed coordinate system arbitrarily, 
namely, such that the residue of the pair of coordinates with the smallest 
number is equal to +i. 

Admissible pair of neighbor strata 

Let f3 be an elementary stratum (a connected component of the space 
ir[''~*'*l(fci, . . . , fcs)), let a be an elementary stratum, a C CI{I3) C 
Cl{K{ki, . . . , kg)), (3 y^ a. In this case we shall write a -< (3. 
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For an arbitrary (3 C K^^~'^''^^{ki, . . . ,ks) of the type I^ (correspondingly, 
of the type I^^), let us consider an arbitrary a, a -< /3 of the same type. 
Analogously, for an arbitrary (3 C K'-^~^''''(ki, . . . , /c^) of the type Hf^^j,, let us 
consider an arbitrary d, a -< /3 of the same type. 

Let us consider the prescribed coordinate system f2(/3) on /3 and take 
the restriction of this coordinate system to a. Assume that the considered 
restriction system is prescribed on a. Then we shall call that the pair {a, /3) 
is admissible. In the case a and /3 are of different types, we shall call that 
the pair [a, f3) is admissible. 

Assume that a pair {a, f3) is not admissible. Take a point b E f3 G 
K{ki, . . . ,ks) and a point a G a, which is closet to b on Cl{K{ki, . . . , kg)). 
The restriction of the prescribed coordinate system Q{l3)\a is transformed to 
the prescribed system r2(a)|a by one of the following transformation, which 
is listed below for the strata of the each type. 

A non-admissibility of a pair of strata {a, (5) of the type Iq means that 
the transformation of f2(/3)|a into r2(Q;)|a is one of the following: 

(xi,f2) ^-> (a:^2,a:i), (52) 

(xi ,£2)^ { -X2 , -xi ) , (53) 

(xi , X2) >-> {~xi , X2) , (54) 

{xi ,£2)^ {xi , -X2 ) • (55) 

A non-admissibility of a pair of strata (a,/?) of the type I^^ means that 
the transformation of VL{P)\a into r2(Q;)|a is one of the following: 

(xi,f2) ^-^ (a'2,a?i), (56) 

(Xi , X2 ) ^-> ( -X2 , ~xi ) , (57) 

(Xi , X2 ) ^ ( -X2 ,xi), (58) 

(xi , X2 ) ^-^ {£2 ,-xi). (59) 

A non-admissibility of a pair of strata {a, f3) of the type Hj^^j, means that 
the transformation of Q{l3)\a into r2(Q;)|a is one of the following: 

(Xi , X2 ) ^ ( -X2 ,xi), (60) 

24 



(xi, Xs) ^-> {£2, -Xi), (61) 

{xi , £2) ^ (-xi , X2) , (62) 

(xi , £2) ^ (xi , -X2) , (63) 

(xi , X2 ) H- ( - ix2 , '^xi ) , (64) 

(xi,X2) ^-^■ (ia:^2, -ia:^i), (65) 

{£i,£2)^ {-i£i,i£2), (66) 

(xi,X2) >-> (ia;^i, -ia?2)- (67) 



The space Yo 



Let a, /3 be elementary strata of Sq. Assume that a -< (5 and define the 
elementary 5-cone of a smallest stratum a into /3 as an open neighborhood, 
which is defined as the open cone of a small height e, e « 1, over the interior 
of the closure of the union of all lower-dimensional e-cones, which are inside 
Cl{j3). The structure of an elementary e-cone corresponds to the Euclidean 
structure in the r-simplex, given by the corresponding momenta coordinates. 
The elementary cone of the strata a in /3 denote by Con' {a, /3; e) C /3. 

For each non-admissible pair of strata a -< (5 consider an elementary 
e-cone Con{a^ f3;e) and define: 

- the reduced e-cone, which is denoted by Con® {a, (3; e) C /3So; the up- 
reduced (correspondingly, the down-deduced) e-cone, which is denoted by 
Con®^{a, /3;e) C /3 C So (correspondingly, by Con^-^i^a, /3;e) C /SSo); 

— the thickened reduced (£,£i)-cone, where 

£i«£«l, (68) 

which is denoted by Con®{a, f3;e,ei) C So; the thickened up-reduced 
(£:,£:i)-cone (correspondingly, the thickened down-reduced (e,£i)-cone), 
which is denoted by Con®^{a, I3;e,ei) C /3 C So (correspondingly, by 
Con®^{a,P;e,Ei) C So). 

Let Con{ai, /3; e) be an arbitrary elementary cone, which is distinguished 
from Con{a, /3; e), and 

a -< ai -< f3, (69) 
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moreover, the pair a -< (3 is non-admissible. Define Con®^(a,/3; £:) as the 
difference 

Con{a, f3; e) \ C/(U,;Con(ai, /3; e)), (70) 

where Oj satisfies the condition flB^ and the pair a^ -< /3 is admissible. 
Assume that instead of (169|) the following equation is satisfied: 

ai -< a -< p. (71) 

Define Con^^{a, /3; e) as the difference 

Con{a, (3; e) \ Cl{UiCon{ai, /3; e)), (72) 

where at satisfies the condition (17T]) and the pair a, -< /3 is admissible. Define 
Con®{a, f3;e) as the difference 

Con{a, (3; e) \ Cl{UiCon{ai, /3; e)), (73) 

where ctj satisfies the condition (17T]) . or the condition (l69l) . and the pair 
ai -< (3 is admissible. 
Denote by 

Z^{e)o C So (74) 

the disjoint union 

U^^pCon'^{a,(3;e), (75) 

where the pair a -< /3 is non-admissible. 
Consider the following CW-complex: 

r„ = (So\z®(£)o)ns, cSo, (76) 

where Z®{e)o is defined by the formula (I71|) . T^ao is defined by the formula 
(HTj) . Consider the CW-complex: 

F, = (So\Z®(e)o)nirrfCSo, (77) 

where ii'do is defined by the formula fH3|) . Consider the CW-complex: 

n,^ = (So\z«(£)o)nir,,^cSo, (78) 



where -ft'bxfto i^ defined by the formula fH2l) . It is not difficult to check, that 
the formulas fl60l) - fl67j) are invariant with respect to the covering (jS]), and 
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that the CW-complex fl75|) is thyself the covering space of the corresponding 
2-sheeted covering, denote this covering by Yj^^^ — )■ 1^x6- 

Consider the mapping r^o : So — )■ -^'(D, 1), which is defined by the formula 
(H5|) . Consider the restriction of this mapping to the subspace (176|) and denote 
this restriction by 

r,a:Ya^K{B,l). (79) 

Analogously, denote 

T]do ■■ Yd -^ ir(D, 1). (80) 

Analogously, denote 

V,.lo--y,.,^K{T>,l), (81) 

\.bo ■ y.xi, ^ ^(H, 1) (82) 

(see the diagram (1151) ). 

Lemma 9. -1. The mapping (1791) admits a reduction, which is given by the 
mapping 

fiao:Ya^K{Ia,l), (83) 

^Ia,D O/iao = Vao- 

-2. The mapping (1801) admits a reduction, which is given by the mapping 

fid,:Yd^K{hA), (84) 

^Id,D O/ido =Vdo- 



-3. The mapping flHTl) admits a reduction, which is given by the mapping 



ii ,T> ° f^bxho — Vbxho- ^^s mapping fl85|) is a 2-sheeted covering over the 

A6x6o:nx6^^(H,x„l). (86) 



■^6x6 

mapping 
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Proof of Lemma 

Let us prove Statement 1, proofs of the last statements are analogous. Define 
auxiliary spaces Y^ (correspondingly Yj^) by the same formula that the space 
(176|) . except that in the formula (1751) the union is taken over all up-reduced 
(correspondingly, down-deruced) elementary e-cones, which are defined by 
the formula (1731) (correspondingly, by the formula (1721) ) instead of the formula 
(1 70 p . For each space Yj, Y^ the analogous statement is satisfied by the 
construction. Consider the triad 

iJ:,\Ya,J:a\Y,\^a\YJ). (87) 



This triad is represented by CVT-complexes (see below the formula (19T1) ). 
The required mapping (183|) is defined as the gluing the two mapping on 
Sq \ yj, Sq \ Y^), which are coincided on the small space of the triad (IHTl) . 
Lemma M is proved. 

Define the CW-complex 

CZ®{e)o D ^®(£)o, (88) 

as the cell closure of the space (jTlj): in the CW-complex (IHHl) all open strata 
of the subspace (17^ are replaced by the corresponding closure, except points 
on the diagonal, and the attaching mapping are continuously extended. The 
following mapping, which is a resolution, is well defined: 

R : CZ®{e)o -^ So. (89) 

The restriction of the mapping R on the subspace (1711) is an embedding. 

Let us complete coordinates of points on an elementary cone with deleted 
subcones (I70|) by all other angle- and momentum- coordinates, which are 
degenerated on /3, the additional coordinates belong to the corresponding 
orthogonal face (auxiliary coordinates) to the subsimplex of (principal) mo- 
menta coordinates inside the standard r-simplex. Let us define the coor- 
dinates such that the auxiliary coordinates on /3 itself is trivial, and each 
auxiliary coordinate belong to the interval (0,£:i). Denote this thickness by 
Con^{a, I3;e,ei) and let us call it the reduced (£:,£:i)-cone. The union of all 
reduced (£:,£:i)-cones 

U„^;3Con®(a,/3;e,ei), (90) 

where the pair a -< /3 is not exception, denote by Z®{6,ei). Take €2 « £1 
and denote by 

Z®(£,£i)cSo (91) 
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the subspace in So, which is defined as the union of all reduced (e, 5i)-cones 
flUU]) . Denote by 

CZf{e,er)^Zf{e,e,) (92) 

the CW-complex, which is defined as the union of the space (1911) . 
The following resolution mapping 

Re,:CZf{e,e{)^T.o (93) 

is well-defined. The restriction of the mapping i?^^ on the subspace (19T]) is 
an embedding. 
Denote by 

Z'^{e,ei,e2), e » £i » £2 (94) 

the space, which is the union of all e2^iiteriors of strata of the space (19T|) . De- 
fine Yo{e, £1, 62) as the space So with the deleted subpolyhedron Zf{e, Si, 62)- 
Define the space YJ, by the formula: 

Yo = lim(£:, ei, £:2)K(£, ^i, ^2), £, £1, £2 -^ 0, (95) 

where the limit is taken over the inclusions Yo{£, ei, 62) C Yo{e, 81,62), which 
are satisfies the condition e > e, Ei > 61, 62 > £2 and the inequalities fl68l) . 



Lemma 10. -i. The limit (1951) preserves the homotopy type of the spaces. 

-2. The CW-complex CZ®{e, El) is a deformation retract of the subspace 
Z^{e), which is defined by the formula fl88l) . 



-3. OnpedcACHo KanoHuuecKoe Hanpumue CZ^{e,ei) — )■ CZ®{e,ei), 
Komopoe UHdyuupoeaHO sneueapuaHmHUM omodpaMcenueM omoBpaotceHueM 
F® : CZ^ — 7- P , sde P 3-MepHoe KAcmoHHoe npocmpancmeo co ceoBodnou 
UHeoAm%ueu Tp. 

-4- The restriction of the canonical 2-sheeted covering, which is defined 
in -3 over the closure of the subspace Z® fl -K'^xbo (^bxho ^■^ defined in ( 142|) ) 
is equipped by a free involution with the quotient CZ ^ (£^,£^1) -^ CZ^ {e,ei), 
which is induced by the following equivariant mapping F® : Z^ -^ P, where 
P is a 3-dimensional cell complex with the involution Tp. 

Proof of Lemma \W\ 

Statement -1 is evident. 
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Prove Statement -2. Consider the inclusion Z^{e) C Z®{e,ei). Using 
the induction over the deep of strata by the standard arguments we prove 
that the considered subspace is deformation retract. Statement 2 is proved. 

Let us prove Statement 3. Denote by CZJ C CZo the polyhedron, 
which consists of strata of the deep s and greater, denote CZo \ CZo 
by CZo ■ The polyhedron CZo is a disjoint union of strata, which are 
differences of corresponding closures of reduced cones fl73l) . 

Define the following 3-dimensional polyhedron P, equipped with a free 
involution Tp. Consider the disjoint union of the elementary strata of the 
polyhedron So and denote this union by UsSt^l Over each component E[^ 
of St''! the canonical 2-sheeted covering which is classified by a mappings 
into the circle is considered in Lemma [HI Denote the equivariant classified 
mapping by Fp : U,,iSf' -^ S^^. 

For each non-admissible pair of elementary strata a, (3 C T,^'^\ a -< (3 with 
the coverings [a], [/3] we associated the standard 3-sphere S^ a, equipped with 
the standard action S*^ x 5*^^ — )■ S^/^. Let us glue to the sphere S^ ^ the 
two cylinders S^ x [0, 1], Si x [1, 0] along the components of the boundaries 
^a ^ {O}' ^8 ^ {1} t<^ the two antipodal fibers of the Hopf bundle, which is 
denoted by (S*^ U 5*^) C S'^j^. Denote the result by Pa,i3- The components 
of the boundary Si x {!}, S*^ x {0} of the CW-complex Pq,^^ corresponds to 
elementary strata of the space Sq. 

Consider the following CW-complex (non-connected) which is defined as 
the disjoint union of the CW-complexes {-Pq,^}- Let us standardly identifies 
the circles S^. x {0} US'! x {!}, which corresponds to the common elementary 
stratum. The result is a 3-dimensional CW-complex which is denoted by P. 
This is required space, this space is equipped with the standard antipodal 
involution which is denoted by Tp. 

Define the following 1-dimensional CW-complex Q G P (non-connected), 
which is invariant with respect to the involution Tp, this space is given by 
the union of circles {S^}, the components of this space corresponds to the 
elementary strata of the space Eq- The components Q are equipped with a 
natural stratification which is denoted by QW. The stratification is defined 
as deeps of strata. 

Define the space CZ®W, the components of this space corresponds to 
differences of reduced cones in closures of elementary strata of S^*] of the 
deep i. The following equivariant mapping Fp : CZ — )■ P is well-defined, 
the image of this mapping belongs to Q C P. This equivariant mapping is 
defined by the formula Fp : Ua^/sCl{Con {a,l3;e)) — )■ P. Below we shall 
write '"mapping"' instead of '"equivariant mapping'" for short. 

Proof of Statement 3 is given by the induction. Define P^^^ as the subspace 
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in P, which is the union of {Pa,i3}, where the deep of each strata is not 
less then then s. Over the polyhedron P*^*^ the canonical 2-sheeted covering 
p(s) _s. p{s) jg well-defined and this covering is equipped by the free involution 
which will be denoted by Tp . Let us prove that the mapping Fp is 
extended from CZ to p(^+i) into a mapping Fp from CZ to P*^*\ 

Assume that the mapping p(*+^) : CZ — )■ p('*+^) is well defined, 

moreover this mapping satifies the following condition. Let us mark for each 
reduced elementary cone of the deep not less then s + 1 the standard r — s — l- 
dimensional torus which is determined by the momentum coordinate near the 
vertex of the cone. It is required that in a neighborhood of this marked torus 
the mapping CF coincides to the standard mapping into the circle, which 
is constructed in Lemma [HI correspondingly to the type of the strata, which 
contains the elementary cone. 

Let us construct the mapping P*^^-* : Z®^^' — )■ P^'^', which satisfies the anal- 
ogous conditions as the mapping p(*+i). Consider an arbitrary elementary 
stratum (3 of the deep s in Eo • The prove is given by an induction over the 
decrease of the deep j of strata ai, where the pair ai -< f3 is non- admissible. 
Namely, consider in LiiCon®{ai, (3;e) the union of all reduced cones of the 
deep more them j. Then we continue the mapping over this union to each 
elementary cone, which is constructed from the stratum ai of the deep j. 
The key obvious observation is the following. 

Observation (H) 

Consider a triple of strata ai -< /3, 02 ~< P, ^2 ~< ^i; assuming that the 
first two pairs are non-admissible, the deep of /3 is equal to s, the deep of 
tti is equal to j, the deep of 02 is more then j. Then the pair 0:2 ~< «! is 
admissible. 



Using the denotations introduced above consider the reduced cone 
Con^{a, P]e), where a -< /3 is non- admissible, and consider inside this cone 
all smallest elementary cones a^, such that the pairs ai -< a, a^ -< P are non- 
admissible. Recall that the deep of a is equal to j, the deep of (3 is equal to 
s, j < s. Let us fixes 6 > 0, 6 « e. Consider an open domain i7(Q;, /3; e, 5), 
which is defined as the result of the elimination from the cone /3 of all ele- 
mentary e — (5-cones of all strata ai of the deep more then j, such that the 
pair ttj -< /3 is non-admissible, and also the pair cti -< /3 is non-admissible. 

Define the mapping Fa^^i^ : r2(a,/3; £, 5) — )■ S^a, which is called the stan- 
dard. Consider a regular equivariant ^-neighborhood of the strata a is the 
subspace VL{a, [3;e,5) and denote this neighborhood by W{q). 
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Consider the difference a \ UjCon®(a;j, a; e), where the pair a^ -< a is 
admissible, and denote this difference by a®. Because the cone Con®{a, /3; e) 
in an up-reduced cone, by the Observation (H) an arbitrary cone C(a, ai) C 
«!, a -< tti -< /3, where the pair ai -< a is non-admissible, has no intersection 
with Con®{ai, a; e). 

Define the mapping -Fai,/3 on W^(ct)) which is in the boundary of a®, 
as the composition of the equivariant projection on a with the mapping 
FaQ. -^ S]^ G P. Define the mapping F^^^p on a part of W{a)^ which is in 

the boundary of M^(q;) C Con (q;,/3;£,5) C /3, as the composition of the 
equivariant inclusion on /3 with the mapping Ff^P -^ S\ <Z P. The mapping 
Fa^p on VL[a, /3; e, 5) \ W{q) is defined analogously as above. 

Define the mapping Fa^p on iy(a;) by the linear approximation of the 
prescribed boundary conditions, which are considered as the pair of complex- 
valued mappings into the Whitney sum of the complex line bundles. The 
standard mapping Fa^p : Con (q;,/3;£:) — )■ 5*^ ^ is well-defined. The standard 
mapping F^^^p is continuously extended into the closure C/(fi)(a, /3; e, 5). 
Denote this extension by CF^^p : Cl{Q){a, /3;e,6) — )■ P. 

It is claimed: 

-1. The mapping CFa^^p corresponds to the mapping, which is defined 
on previous steps of the construction on a deeper cone Con {ai,a;e), such 
a cone is included into the stratum a, moreover the pair ai -< a is non- 
admissible. 

-2. The restriction of the mapping CF^^p on the domain Q{ai, P;e,6) 
inside each deeper cone is agree with the mapping CFa-^p, where ai -< a -< (3. 

Prove -1, using Observation (H). Because the pair ai -< a is non- 
admissible, the elementary cone Con{ai, P;e) has no intersection with Q. 
The boundary condition over a® of the mapping CF^^p proves the State- 
ment 1. 

Prove -2, using Observation (H). By the construction the mapping CF^^^p 
is induced by the mapping Fp everywhere on i7(a, /3; e, (5) U Con(ai,/3;£ — 
2). The mapping Fp is induced by the same mapping on the considered 
intersection. Statement 2 is proved. 

Statement 3 is proved. Statement 4 is evident. Lemma [TD] is proved. 

The canonical covering over K^o C So 

Consider the subspace K^o C So, which is defined by the formula (H3|l . The 
following lemma precises Lemma [10], Statement 3. 

Lemma 11. The canonical covering over the subspace K^o C So is induced 
by an equivariant mapping Ff^ : Kdo —> Pdo, where Pdo is a ^-^dimensional 

32 



CW-complex, equipped with a free involution Tp^^ . 

Proof of Lemma [TT] 

Consider the subspace Y^o C K^o, which is defined by the formula fl75]) . The 
canonical covering over this subspace is trivial (see the formula (184|) ). By 
Lemma [10], Statement 3, the canonical covering over the subspace K^o \ Y^o 
is classified by a mapping into 3-dimensional CW-complex. Lemma [TT] is 
proved. 



Definition of spaces RT.a, RK^^^^ in Lemma [S] 
Define the subspace 

i?S, C K, (96) 



which consists of strata of the type I^ (c. with f[76|) ). 
Define the space 

RK,^,o C K, (97) 

which consists of strata of the type \y^i (c. with f[78|) ). The space f[97|) is a 
2-sheeted covering space, denote the base of the covering by RK^^^^. 

Definitions of the mappings, which are included into the diagram (125|) . in 
particular, the mappings pr, pf, are evident. 

Resolution mapping 0^ : i?Sa -^ ^(la, 1) and Proof of Lemma [5] 
Consider the restriction 

77o|y„:F,^K(D,l), (98) 

(recall that -RS^ = Ya) of the structured mapping to the subpolyhedron (j96l) . 
By the construction of the reduction mapping 

0y^:F,-^K(I„l), (99) 

of the mapping 098p is well defined: r^dy^ = ii^ o (pVa- Lemma [S] is proved. 
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Last step of the proof of Lemma [3 the deformation 22 c'^^^ d 

Denote the standard orthogonal projection M" — )■ M"^^ by F. Assuming the 
dimensional restriction ([2]), using Lemma[7]and LemmafTOl Statement .3. let us 
define a vertical lift of the mapping F: iioi20c'i ^^ d : J ^ M", ii : ]R"~'^~^ C 
R" (see denotations in Lemma ([7]), such that the self- intersection polyhedron 
M((i) is contained into the polyhedron YJ,; see. fl95p . Self-intersection points 
of the mapping d are divided into two closed subpolyhedra correspondingly 
with the required formula fl35l) . The required mappings /i^xbo' ^^a are induced 
from the mappings, which are constructed in Lemma O Lemma [7] is proved. 

Proof of Lemma [2] 

Assuming the dimensional restriction ([3]) let us consider an axillary map- 
ping ([2]) and the mapping Foe: MP""'^ — )■ J C M"~^. Consider the formal 
(equivariant) mappings [F o c)^'^\ c^'^\ which are defined as the formal ex- 
tensions of the corresponding mappings. The polyhedrons of the (formal) 
self-intersection of the formal mappings {F o ii o )(2) and c'-^^ coincide. The 
equivariant deformation of the formal (equivariant) mapping (Foi^o)^'^^ into 
the formal (equivariant) mapping d^'^\ which is vertical along F^'^^ is defined 
as in Lemma [71 

Let us prove two conditions in the statement of [Lemma 27, Al]. Condi- 
tion 1 is, obviously, well proved, namely, the restriction of the mapping rjo to 
the marked component A^^ admits a cyclic reduction, given by /i^. 

Let us prove Condition 2 in [Lemma 27, Al], which is formulated for the 
component A^^xfeo- For the convenience let us write-down this condition: 

= (pi„i, o r^).([iV,,,]) e H„-2k{K{U 1); Z/2). (100) 

Assume that the polyhedron A^^x^o i^ closed (let us remain that in this 
case the lower index o in omitted) and the mapping rj admits a reduction 

Vh.i>--N,^t^K{l,^„l). (101) 

In this case the formula OIOOI) is satisfied, because the composition 

Vbxh ■ ^6x6 ^ ^C^d, 1) 

is the composition of a mapping A"^x6 ~^ ^i^d, 1) with the standard 2-sheeted 
covering 

where the mapping 7^(1^^^,, 1) — )■ K{Id, 1) is induced by the homomorphism 
Iftxb ~^ Id '^ith the kernel I^ C I^^ft- 
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Assume that the polyhedron iV^xfco i^ '^'^^ closed, and the mapping rjo 
admits a reduction fllOip with the prescribed boundary conditions. The 
formula fllOOp is rewritten as follows: 

= (Pi„i, o %,,^^M{CN,,,o]) e H^^2kiKih, 1); Z/2). (102) 

The difference between the formulas (11021) and (llOOp is following: if the 
polyhedron A^{,x6o i^ non-closed, then the polyhedron iV^xfto i^ ^^^'^ non-closed. 
Therefore the polyhedron iV^xfto have to be compactified into a closed by a 
gluing of the cone of the canonical 2-sheeted cover iV^^^^^ — )■ A^(,x6o o'^^^ ^^e 
boundary. The result is a closed polyhedron, which is denoted in the formula 
(I102p by iV^xbo- '^he polyhedron Nj^^f,^ is the covering space of the 2-sheeted 
covering iV^xbo ~^ ^^bxhoy which corresponds to the subgroup I^ C Ifj^i, of the 
index 2. Therefore, as in the previous case, the cycle pi^j^ °%xbo '■ ^-^bxho ~^ 
K{Iii, 1) is a boundary. 

Let us consider a general case: the polyhedron Nf^^j^^ is non-closed and 
the mapping rjo admits a reduction 



Vb.bo ■■ N,,bo ^ ^(I6X6 / ^> 1) 

Jy[2] 



with prescribed boundary conditions. 

By the assumption the following mapping 



Vb.bo ■ N.^bo ^ ^(H,x, / Z, 1) 



is well-defined. Consider the 2-sheeted covering over the structure mapping, 
which we denote by 

Let us recall, that respectively to the diagram (TTSl) . the 2-sheeted covering 
mapping ^^xfeo ^'^^^ ^xfeo i^ totally defined by the subgroup of the index 2: 



Hd X Z C H,x^ / Z. (103) 



xPl 



The formula (I102p is equivalent to the following condition: the homology 
class 

(PH,XZ,H, o %,,M[CN,^i,^]) E H^,2k{K{U,, 1); Z) (104) 

is even. 
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By the representation H^^j^ J.pj Z — t- Z/2'^] the universal 4-bundle over 
K{iif^^j^ j\.[2] Z, 1) is well-defined, denote this bundle by f^^j,. The bundle 

C^o(^.xJ (105) 



over A^fexfeo i^ well-defined. 



Denote by 



iViVo C iV,,^„ (106) 



the 3-diniensional subpolyhedron, generally speaking, with boundary, as a 
homology Euler class of the Whitney sum of "~^^^~^ copies of the bundle 
fllOSp . The condition fll04p is equivalent to the following: the homology class 

(PH,XZ,H, o %,i,M[CNNo]) G H.iKiU,, 1); Z) (107) 

is even. 

Consider the mapping NNo -^ K(H^^j,/ [2, Z, 1) -> K{Z,1). Without 
loss of the generality, the inverse image by this mapping of the marked point 
of S^ = K^Z, 1) is a closed 2-dimensional subpolyhedron, denoted by 

LL C NNo. (108) 

This polyhedron is PL-homeomorphic to an oriented surface, which is 
equipped with a mapping 

f-.LL^Kin,^,,!). (109) 

Let us use the following isomorphism: H2{K {Hi^^i^, 1); Z) = Z/2. 

Let us prove that there exists a closed oriented 3-manifold A^A^, its sub- 
manifold as in the formula (llOSp and a mapping 



F-.NN^Kin.^J Z,l) 

Jyl2] 



(110) 



for which the following two conditions are satisfied: 

-1. The image of the fundamental class by the mapping (I109p determines 
the generator of the group H2{K{iif^^i^, 1); Z). 

-2. The image of the fundamental class by the mapping 

F -.NN -^ K{Ud X Z, 1) -> KCHd, 1) = K{Z/A, 1) 
is an even (or the trivial) element in the group HslHd] Z). 
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Let us consider 2-torus LL, which is the the 2-skeleton of the standard 
cell decomposition of the space (MP°° x MP°°)/ri D (MP^ x MP^)/ri = LL, 
where Ti : MP°° x MP°° -^ MP°° x W°° is the diagonal involution, which 
is defined by the standard involution i : MP°° — )• MP°°. We may visualized 
the space /s:(Hd, 1) as the space (MP°° x MP°°)/Ti \ diag{W°^). By this 
construction the involution x'^^ : i^(H(i, 1) — ?■ K{iici,^), which corresponds 
to the automorphism fll7p is defined by the formula: x x y \-^ y x x. 

Define the (orientation preserving) involution x • LL — )■ LL, which per- 
mutes the factors and reverses the diagonal. Define the mapping / : LL -^ 
KCHjj^fj, 1) (11091) . which transforms the diagonal generator i G Hi{LL; Z) to 
the element ab G E^^j^ (this element is represented by the sum of the diag- 
onal loop with the generic loop of the first factor). Obviously, the mapping 
/ commutes up to homotopies with the involutions x, x'^^ in the source and 
target spaces of the mapping /. Let us call the considered property Gluing 
Condition. 

Let us define the manifold A^A^ as an oriented 3-manifold by the cylinder 
of the involution x • ^L — > LL. The mapping (IllOp is well-defined by a 
fibered family over S^ of mappings of 2-tori in the space i^(H^^j^, 1) (the 
source and the target space of (IllOp is the total spaces of fibrations over 
S^). By Gluing Condition the mapping (IllOp is well-defined. This mapping 
satisfies Condition 1. 

Let us check Condition 2. Consider the following composition: 

Pu„z/2 oF:NN -^ K{Yia x Z, 1) ^ ir(H,, 1) -^ ir(Z/2, 1), (111) 

where the mapping PHd,z/2 • -^(H^^, 1) — )■ i^(Z/2, 1) is induced by the epi- 
morphism H^j — )■ Z/2 with the kernel I^ C H,^. It is well-known, that the 
cellular mapping p-H.^^i/2 transforms the standard 3-skeleton S'^ /'i C /('(H^, 1) 
into the standard 3-skeleton MP^ C i^(Z/2, 1) with degree 2. 

Assuming Condition 2 is not satisfied and the mapping (IllOp determines 
the generic homology class, then the mapping (II lip is not homotopic to zero. 
Assume that the mapping (II lip is cellular. Then the image of this mapping 
coincides with the standard 3-skeleton MP'^ C fi'(Z/2, 1) and the degree of 
the mapping (II lip is equal to 2 modulo 4. 

The mapping (lllip is a 2-sheeted covering over the mapping 

iViV ^ ir(H^^j, / Z,l) ^ir(Z/2xZ,l) ^/r(Z/2,l). (112) 

By the construction, the mapping (I112p is homotopic to a mapping into 
the standard 2-skeleton MP^ C -ft'(Z/2,l). This implies that image of the 
fundamental class by the mapping (I112p . and by the mapping (II lip is the 
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trivial homology class. This prove that the degree of the mapping f illip is 
equal to modulo 4. The mapping F satisfies Condition 2. 

To prove Condition fll07p we may assume that the image of the funda- 
mental class by the mapping (11091) is the trivial homology class. Therefore 
it is sufficiently to prove Condition ( I107p . assuming, that the surface LL is 
empty. In this case the mapping 17^x60 admits a reduction into the subspace 
i^(H^x^, 1) C /('(H^x^ r [2] Z, 1). Condition fll07p is reformulated analogously 
to Condition f ll02p . which was proved above. Condition 2 from [Lemma 27, 
Al] is proved. Lemma [2j\ is proved. 

7 Proof of Lemma [U. Sketches of proofs of 
Lemma [3], Proposition 28 [A2], Proposition 31 

[A2] and Lemma 35 [A2] 

To prove Lemma [T] is sufficiently to repeat a part of Lemma [2] B., which is re- 
lated with a subpolyhedron RK^^^^^ in the polyhedron of the self-intersection. 
Lemmas 30, 32 from [A2] are proved analogously to [2l Lemma 35 from [A2] 
is proved analogously to Lemma [31 A detailed proof of the lemmas requires 
to make the paper greater. 

A sketch of the proof of Lemma [3] 

The proof is analogous to the proof of the main result of the paper [Akhl] . 
Let us consider an auxiallary mapping pi : 5'"-2fc+»i<T-i+iy'j _;. j^^ given by 
the formula ([9]), define by Cp^ the cylinder of this mapping. The projections 
TTj : Cp^ — )■ [0,1], TTj : Cp^ -> Ji are well defined, denote the Cartesian 
product of this mappings by Fi : Cp^ -^ Ji x [0, 1]. 

AnajiornHHO paccMoxpHM OTo6pa>KeHHe pi : S'"^^'^/i — t- Ji, onpe^ejieHHoe 
no (^opMyjie fllOl) n oGosnaHHM nepea Cp-^ n;HjiHHflp 3Toro oToGpaaceHHa. 
Onpe;];ejieHt.i OToGpaJKenna npoeKi^nfi ttj : Cp^ — )■ [0,1], ttj : Cpj — )■ Ji 
H ;];eKapTOBo npoH3Be;];eHHe sthx oTo6pa>KeHHH, KOTopoe o6o3HaHHM nepea 
Fi : Cp-^ — 7- Ji X [0, 1]. Onpe^ejieno BjioaceHne ri : Cp-^ C Cp^. Cjieflyiomne 
fl^narpaMMhi KOMMyxaTHBHt.:: 



i^/ ^TT, (113) 

/ 
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^pi ^ ^p\ 

i^j / T^J (114) 

h 

Consider the inclusion Ij : JiX [0, 1] C M" x [0, 1] and define the mapping 
Ij o Fi : Cp^ ^ R" X [0, 1], Jj o Fi : Cp^ ^ R" x [0, 1]. Consider the mapping 
/i '■ Cpi -^ IR" X [0, 1] which was defined by a small generic alteration of 
the mapping Ij o Fi. The mapping /i will be taken to be coincided on the 
bottom of the cylinder Ji C Cp^ with the embedding Ij : Ji C. R" x {0}. 
Moreover, the composition P[o^i] o /i : Cp^ — )■ [0, 1] to be coincided with p/, 
where pi : R" x [0, 1] — ?■ [0, 1] is the projection on the second factor. The 
mapping / : Cp-^ — ?■ R" x [0, 1] is also defined such that /i = /i o Ti. 

Denote by Qi C Cp-^ the polyhedron of self-intersection points of the 
mapping /i, defined as the closure of the corresponded spaces by the formula: 

Q^ = Cl{x e Cp, -.ByeCp^x^yJix) = /(y)}. 

Because n — 4k = ricr, dim((5i) = Ua+i + 1- 

Denote by Qi C Cp-^ the polyhedron of self-intersection points of the 
mapping /i, this polyhedron is defined as the closure of the corresponded 
subspaces by the formula 

(5i = Cl{x e Cp, : 3y e Cp„x^ y, h{x) = fi{y)}. 



Because n — Ak = Ua-, we get dim((5i) = ng. + 1. 

Consider the stratification jj C JJ C Ji of the join. Denote by Qj-^ the 
intersection QnJi. Denote by Qj-^ the intersection QiClJi. The polyhedron 

— [21 

Qji has the codimension n^+i. Because the codimension of Jj C Ji is equal 
to ricr+i + 1, the polyhedron Qj^ C Ji is outside a regular neighborhood of 

[21 ~ 

the stratum Jj . The polyhedron Qj-^ has the codimension n^. Because the 
codimension of JJ C Ji is equal to n^ + I, the polyhedron Qj-^ C Ji is 
outside a regular neighborhood of the stratum j[ . Define the polyhedron 
Q Ji (s) as the set of points from Q j^ which are mapped with respect to the 
projection tt/ into a small positive e E I. 

Define the involution T^ : Q ^ Q which permutes points of self- 
intersection on the canonical covering. The involution T= keeps the values 

of the mapping vf/. The polyhedron Qj^{e) is invariant with respect to the 
involution T=. Denote by T^is) the restriction of the considered involution 

on the polyhedron Qj-^{e), this restriction is a free involution. 
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Define the mapping di : S^ '^^/i — > M" x {e} = M" as tlie restriction 
of tlie mapping f\ on S*""^^/! x {e}. A quotient Qj-^{e)/T={e) is a poly- 
fiedron of self- intersection points of the mapping di. Consider the poly- 
hedron of self-intersection of the mapping di and its subpolyhedron iVi.By 
the construction, if the positive parameter e is small enough, the structured 
mapping ( : Ni —> K(E, 1) admits a reduction to a mapping into the sub- 
space i^(Q, 1) U KCEh,!) C i^(E, 1), the considered reduction is well de- 
fined as the composition of the mapping ti : Ni ^ RKi with the mapping 
01 : RKi -^ K{Q, 1) U ir(E;„ 1) (see the diagram (ITTI)). 

Let us prove that the mapping ti satisfies the boundary conditions from 
diagram (l29l) in Lemma El For i > 8 the number ri of the factors of the 
join Ji, which is calculated by the formula ([8]), is greater then n„. Because 
dim(A'^i) = Tio— 1 — 1, the boundary of the polyhedron A^^i contains no strata of 
a deep greater then ^-^^- Therefore the coordinate system in each component 
A^^i of the type Hf, is agree with boundary conditions. Lemma [3] is proved. 

E^^j^— structure of formal mappings with holonomic singularities 

Consider the polyhedron ^^xt/ ^^^ which is a skeleton of the Eilenberg- 
Mac Lane space i^(I^^j, J p] Z,),l), correspondingly to [Formula (181), A2]. 
Consider the mapping ij^ f s^° '^^txh ■ -^bxb I ^^ ~^ -D"^^ x S^ C M"', where 
the mapping cpx ■ is defined by the [Formula (186), A2], and the mapping 
(embedding) ij^ r ^i is defined by the [Formula (190), A2]. We shall consider 
this mapping as a mapping with a holonomic singularity in the sense of 
[Definition 9, A2]. Denote this formal mapping by (rfr q, df]^). Let us restrict 

this formal mapping {djQ,dr^) on the subpolyhedron Xj^x6 ^ -^bxbl ^^^ 
and denote this restriction by (rfg, c?o )■ 

Lemma 12. There exists a C^-small PL- deformation of the formal holo- 

(2) (2) 

nomic pair of mappings (rfrg, d r ') to a pair of mappings {dr, dr ) with holo- 
nomic singularity, such that the polyhedron Nj^ of formal self-intersection 

(2) 

of the mapping {dr,dr ) is decomposed into the union of two subpolyhedra: 

^/o = %E,,.UAr;,[3]o, (115) 

where Nr r . is closed. 

The restriction of the structure mapping Co on the subpolyhedron Nr ^ . 

J ' bxb 

admits a reduction, which is given by the mapping C^^j, : Nr-^ . — > 
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The polyhedron Nj^ contains a subpolyhedron No C Nj^, which is de- 
composes into two components: 



No = A^K. .. U N 



[3]o, 



where the components are defined as the corresponding components in the 
formula (11151) . The restriction of the structured map (o on the subpolyhedron 
A^[3]o admits a reduction, which is given by the mapping 

and which is satisfies the boundary condition, given by a mapping into the 
subspace K{Ifj^i^ x Z/2, 1). (In this formula the extension of the group 
I^^j, X Z/2 (and analogous extensions below) are corresponding to the in- 
clusion X^^i, C X^^i^ J^S\) 

The mapping CbxbxZ/2o ^■^ ^ compressed by the canonical 2-sheeted covering 
A^[3]o — )■ A/'jsjo, and is a 2-sheeted covering mapping over the mapping 

4x6xz/2o ■■ A^[3]o ^ i^((E,,, X Z/2) / Z, 1), 

which is satisfies the boundary condition, given by a mapping into the sub- 
space i^((E^^jj X Z/2) J-Z, 1). In the previous formula the automorphism 
(involution) x : E^^j^ x Z/2 — )■ E^^j^ x Z/2 is the identity on the subgroup 
^fjxi) *^ -^ftxb^^/^; ^'^^ ^'5 mapped the generator t G Z/2 into the element t^t, 
where t^ is the generator of the subgroup I^ C E^^j,. Define the automorphism 
X '■ Ifexb X ^/2 ~^ Ifoxb X ^/2 by the restriction of x on the subgroup. 

Let us formulated and proof a lemma, which is required to check [Formula 
(211), A2]. For an arbitrary pair of integers (si, S2), Si = 1 (mod 2), S2 = 1 
(mod 2), s = Si + S2 = n — ""g"^*^ , consider the homology class [(210), A2]. 
This homology class is defined as the image of the fundamental class of the 
manifold X{si, S2), which is naturally embedded into X^xb- 

Denote the restriction of (d,d^'^^) on X{si,S2) by ((i(si, S2), (i^^''(si, 52))- 
Consider a polyhedron of the formal self-intersection of the mapping 
((i(si, S2), (i''^'*(si, S2)), which is represented by a disjoin union of the two 
subpolyhedra. The canonical covering over the first polyhedron is a closed 
subpolyhedron into N^ , the canonical covering over the second polyhe- 
dron is the closure of an open subpolyhedron in CN^^^o, denote this closure 
byCiVX(si,S2). 
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Denote the fundamental class of the polyhedron CNX{si,S2) by 



[CNX(si, S2)] € H^ n-mg (i^(I^„^, 1)) (we have used the isomorphism 
[(42),A2]). 

Let us prove the formulas [(211), A2] analogously to Lemma [2]A., in which 
the formula (llOOp is proved (Condition 1 from [Lemma 26, Al]). 



Proposition 13. An arbitrary homology class [CA^X(si, S2)] is trivial. 

Proof of Proposition [T5] 

Denote by A^X(si,S2)o an open polyhedron, which is the base of 2-sheeted 
covering space A^X(si,S2)o- The polyhedron NX{si,S2)o is equipped with 
the structure mapping 

C(si, 82)0 : NX{s^, S2)o -> K{{\^^ X Z/2) / Z, 1), 

and the regular neighborhood of the boundary is mapped by the considered 
structure mapping into the subspace 



ir(I,,, X Z/2, 1) C ir((I,,, X Z/2) /z,l). 



(116) 



The manifold X(si, S2) is a 2-sheeted covering over the manifold X(si, 82)- 
Therefore, an open polyhedron, which is a base of the 2-sheeted covering with 
the covering space NX{si, 52)0 is well-defined. Let us denote this polyhedron 
by A^X(si,S2)o- The polyhedron A^X(si,S2)o is equipped with a structure 
mapping 

Co : iVX(si, S2)o ^ ^((E,,, X Z/2) / Z, 1), 

a regular neighborhood of the boundary is mapped by this mapping into the 
subspace 

ir(E,,, X Z/2, 1) C ir((E,,, X Z/2) / Z, 1). (117) 

Assume, that the image of the structure mapping C{si,S2)o is inside 
the subspace (I116p . Then the statement of the lemma is evident, because 
CNX{si,S2) is a composition with a 2-sheeted covering over CA^X(si,S2) 
(comp. with the initial step of the proof of Lemma |2j\). 

Let us consider a general case. We shall use the polyhedron NX{si, 32)0- 
The universal bundle over the space i^((Ej^^xZ/2) J, Z, 1) is a 8-dimensional 
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bundle. It is sufficiently to prove the formula for the cycle, which is defined 
as the intersection of the considered fundamental class with the Euler class 
of the pull-back of a suitable Whitney sum of the universal bundle. Denote 
the Euler class of the universal bundle by T'fex6xZ/2 f- 

For an arbitrary pair of the positive integers {pi,P2), Pi = 1 (mod 2), 
P2 = I (mod 2), p = Pi + P2 = ^^, define the submanifold XX{pi,p2) of 
the dimension p, XX = MP^i x MP^^. 

Define the embedding XX{pi,p2) C X{si,S2), as the Cartesian prod- 
uct of the coordinate embeddings MP^i C W\ MP^^ c MP^^ which 
satisfies the restriction Si — pi = S2 — P2 = ^^- Define the formal 
mapping (dd{pi,p2),dS'^\pi,p2)) as the restriction of the formal map- 
ping ((i(si, S2), (i^^''(si, S2)) to the submanifold XX{pi,p2). Denote by 
NXX{pi,p2)o an open polyhedron of the formal self-intersection of the map- 
ping {dd{pi,p2),dd{pi,p2)^'^^)- The following 6-dimensional subpoluhedron 

NXX{p,,p2)oCNX{suS2)o 



is well-defined, the fundamental class of this subpolyhedron is realized the 

s — p 

homology Euler class of the bundle Co(t, *,- r, ,„ ,)■ 
Let us prove that the homology class 



[CNXX{p,,p2)]eH,{\^;,l) (118) 

is trivial. We shall distinguishes the exceptional case, when pi = 1, or p2 = 1- 
Consider non-exceptional case in which pi > 3, p2 > 3. Let us prove that 
the homology class (11181) is trivial. 

The lens manifold (MP^^ x W^^)/idiag is immersible into M". There- 
fore the homology class of the boundary singularities of the polyhedron 
d{NXX{pi,p2)o) in the group H^(Eij^jj x Z/2, 1) is trivial. Let us omit 
below the marks o and C in denotations. 

Let us consider the 5-dimensional fundamental class [p^^{pt)] G H^(Efj^^^x 

Z/2, 1) of the closed subpolyhedron p~^{pt), where p : NXX{pi,p2) — t- S^ is 
the projection, which is induced by the projection p^ . xz/2, f of ^h^ universal 
space. 

Assume that the homology class [p^^{pt)] is trivial. Then, without loss 
of a generality, we may assume that the manifold p~^{pt) is empty and the 
proof is reduced to the previous. 

Assume that the homology class [p~^{pt)] is non-trivial. Let us prove that 
the homology class [p~^{pt)]' is realized for a suitable mapping of a closed 
6-dimensional manifold A, (a '■ A ^ i^bxh ^ Z/2) TZ, 1), for which the 
homology class, defined analogously to (I118p . is trivial. 
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Let us decompose the fundamental class [p ^{pt)] over the base of the 
group Im{H5{K{E^^i^ x Z/2, 1);Z) -^ H^{K{E^^^^ x Z/2,1)). Consider the 
following epimorphisms: 

VTfc : E.^j, X Z/2 ^ E, X Z/2, 

TT^ : E,,^ X Z/2 ^ E^ X Z/2. 

Assume that the image of the homology class [p~^(pt)] in the group 
H^^{K{Ei, X Z/2, 1) X -ft'(Ej, X Z/2, 1)) by the homomorphism (tt;, x ttj,),, is 
represented by the tensor product of a homology class of H2{K{En) x Z/2, 1) 
to a homology class of H^{K{Ei^ x Z/2, 1)). The proof in the last cases is 
evident (or is is given after h is replaced by h.) 

The condition X*{[p~^ {pt)]) = [p~^{pt)] is satisfied, because the boundary 
conditions on NXX{pi,p2)o determines the trivial homology class. There- 
fore, after the expansion of the element t^j, ^{\p~^ [pt)]) over the standard base 
the generator of the factor H3{K{Z/2, 1); Z) is not involved and T^h^ilp'^ipt)]) 
is expressed by the generator of H3{K(Eb, 1)). 

Analogous to the construction fill 01) . without loss of a generality, we may 
assume that the homology class flllSp is trivial. Therefore, without loss of a 
generality, we may assume, that p~^{pt) = 0, and we may repeat the previous 
proof as in the case, when the image of the structure mapping is inside the 
subspace flll7p . 

Is sufficiently to prove that in the exceptional case the homology class 
(11181) is trivial. Let us decomposes the homology class (11181) over the stan- 
dard base of the group i76(Ibx6' -'-)• '^^^ generators of the group are t^^bt^j,, 
tfotg fe! t^Mb- ^^ ^^^ exceptional case, evidently, that the generator ts^t^ j^ is not 
involved. To prove that the last generators t^tg j, ^5,6^^, are not involved, let 
us intersect the 6-dimensional polyhedron NXX{pi,p2)o with 4-dimensional 
Euler class of the universal bundle, which is the bull-back by VTf,, or by ttj,, 
correspondingly to the generators t^t^ j^, ts^btj. The proof is analogous to the 
previous proof, this proof is more simple, because the Euler class is repre- 
sented by a 2-dimensional subpolyhedron in NXX{pi,p2)o- Is sufficiently 
to consider the only generators of i/i(K(E^^j, x Z/2, 1);Z) = E^^j^ x Z/2. 
Lemma [T^ is proved. 
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